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We examine several aspects of the formulation dafvix)-theory on ALE spaces. We argue for the exis-
tence of massless vector multiplets in the resoldgd, spaces, as required by enhanced gauge symmetry in
M-theory, and that these states might have the correct gravitational interactions. We propose a matrix model
which describes M-theory on an ALE space in the presence of wrapped membranes. We also consider orbifold
descriptions of matrix string theories, as well as more exotic orbifolds of these models, and present a classi-
fication of twisted matrix string theories according to Reid’s exact sequences of surface quotient singularities.
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I. INTRODUCTION In Sec. IV, we discuss the existence and properties of
wrapped membranes in the ALE matrix model, following
Over the last year, a great deal of evidence supporting thBouglas[17]. We claim that the physics of the wrapped
M (atrix)-theory [1] description of M-theory has been accu- membranes is described by a quiver gauge theory that corre-
mulated (cf. [2] and references therginAn area which sponds to a particular pattern of gauge symmetry breaking in
seems more or less well understood is toroidal compactificathe standard ALE matrix model. As evidence for our pro-
tion, at least for tori of small dimension. The supersymmetricoosal, we show that states exist which are supersymmetric
Yang-Mills (SYM) theory on the dual torugl,3—5 descrip-  vacua of the interactingnterna) part of the theory, but that
tion works well for T¢, d<3, where the SYM theory is the ground state energy of the decouplé(il) part of the
renormalizable. ForT* and beyond, the resulting SYM theory (which corresponds to the motion of the center of
theory is non-renormalizable, and so a sensible definitiornass in the five transverse flat dimensijoissnon-zero. The
must be given for the theory. Matrix descriptions of M- dependence of the ground state energy on the D-term coef-
theory compactified of* andT° have been describgé—8]  ficients is that required for a Bogomolnyi-Prasad-
in terms of interacting six-dimensional theories with (0,2) Sommerfield- (BPS) saturated(massiv¢ wrapped mem-
supersymmetry9,10] and attempts have been made to for-brane state and the 16-fold degeneracy of tm®n-

mulate similar models foif® [11-14. These issues have supersymmetricground state yields the states of the seven-
recently been reviewed i5,14. dimensional vector multiplet. We also find the expected

The study of Matrix)-theory on curved manifolds is also Coulomb potential between membranes and antimembranes.
extremely important. One particular case is “compactifica- Further evidence for the existence of the massless vector
tion” on an asymptotically locally EuclideatALE) space, —multiplet states is provided in Sec. V, where we consider
which captures many of the interesting features of K3 comaOrbifold realizations of the ALE matrix quantum mechanics
pactifications of M-theory. In the spirit of the original (&+ and matrix string theories. We also discuss these orbifold
trix) conjecture, this theory appears to be described by theealizations in the context of Witten’s “new” gauge theories
theory of DO-brane partons moving on the ALE spaté- [23] and, in Sec. VI, we find that the types of matrix models
20]. that one can produce by orbifolding occur according to

The aim of this paper is to provide more evidence for theReid’s classification of exact sequences of surface quotient
consistency of the description of ALE compactifications ofsingularities. In Sec. VII, we consider the dynamics of the
M-theory via ALE matrix models. These models are verymassless vectors and argue that it is plausible that they have
different in spirit from the matrix model for compactification the correct gravitational interactions.
on K3x St that was proposed if21,22. In particular, in the
case of the_ ALE models, the.cur\_/ed space is represented by II. M (ATRIX )-THEORY ON ALE SPACES
the moduli space of flat directions in the target space,
whereas in the (0,2) model 21,22, the K3 forms the base The construction of ALE matrix models is based on the
space of the theory. As yet, there is not much in the way ohyper-Kaler quotient construction of supersymmetric sigma
a connection between these two descriptions. models with ALE target spacd®4,25, as applied to D-

The outline of the paper is as follows. In Sec. Il, we brane effective world volume theori¢26—28.
review the definition of ALE matrix models, considering the  These models have their field content summarized by a
case of theA,_; series in some detail. We then go on in Sec.quiver diagram representing the extended Dynkin diagram of
Il to examine the realization of enhanced gauge symmetrpne of theA-D-E Lie algebras. To each vertex is associated
within the matrix models and provide evidence in the ;  the groupU(Nk;), wherek; is the Dynkin label of theath
matrix model for the existence of the spacetime vector mulvertex. In the field theory, the vertices are associated with
tiplets which remain massless in the blowup, which are resix-dimensional vector multiplets, each of which transforms
quired for consistency with M-theory. as the adjoint of the gauge group associated with the vertex,
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U(N)

U:H Xii+1

v=1I1 viis1 2.2

W=W;=X; i+1Yi,i+1-

U(N) U(N) U(N) U(N) U(N) where, from the vanishing of the F-terms in E(&.1), all of
1 9 3 n—29 n—1 the w; are the same, modulo constant shifts on the moduli
space of flat directions. It follows that, v, andw satisfy

FIG. 1. TheA,_; quiver diagram.
uv=P(w), (2.3

and as a singlet under the other groups. The edges of ”WhereP(W) is a monic polynomial of degre®. We see that
quiver describe six-dimensional hypermultiplets that transyeformations by the D- and F-terms in EG.1) correspond
form in the fundamental—-anti-fundamental representations of, the blowing up of theA, ; singularity. As is conven-

the neighboring gauge groups, and as singlets of the OIh‘?fonal, we denote the ALE space byzMwhere the? are the

groups. } ) blowup parameters.
Matrix models are obtained from these gauge theories by | o energy physics is described by quantum mechanics

a dimensional reduction of these theories t¢ D dimen- o, the moduli space of flat directions. In the blown-down

Zions._t;l'hehlar_gefk_\l _Iimit of quantun; mech;:m_ic@éM) SthU|d case @7: 0), the full moduli space contains both a Higgs and
escribe the infinite momentum frame limit of M-theory on 5 =4 1ompb branch. The Coulomb branch plays an important
the ALE space, while finittl QM is conjectured to describe (e in the description of wrapped membrane statekS#).

the discrete light-cone quantizatiLCQ) of M-theory  gjowing up the orbifold lifts the Coulomb branch. The Higgs
[29]. In a similar fashion, the dimensional reduction of quan-pranch corresponds {d7]

tum mechanics to thél+1)-dimensional theory with base
S'X R [3] describes type A string theory at finite coupling (R®xMp)N/sy (2.9

[30-32, as required by M-theory—type-IIA dualify3,9]. 5 o )
Let us consider the explicit construction of the whereR> corresponds to the flat directions given by the glo-

balU(1) under which none of the hypermultiplets transform.
" This describes the motion &f DO-branes orR’xM;, and
by the Matrix) conjecture describes M-theory & x M zin
the infinite momentum frame. If we compactify one of the
transverse coordinates 8, we obtain a1+ 1)-dimensional
field theory with

A,_1 series. The quiver diagram is shown in Fig. 1
Sincek;=1, for each of then vertices there is & (N) gauge
group and a vector multipletv; transforming in the
1, ...,1,adU(Nk)),1,...,D, whose bosonic content will
be written as A, ,a;). For each edge, we have a hypermul-
tiplet H; i, in the (1, ...,INk,Nki, 4,1, ...,1) represen-
tation, whose chiral components have the bosonic content (R*x St xMpN/sy (2.5
Xiit1:Yiit1)-

( Illlztoln?lilrﬁé)field content, we write down the most general@S itS Higgs branch, which describes type IIA string theory
action with flat Kzler metric and common gauge couplings. ©" the ALE space.

The allowed deformations of the theory are the addition to

gauge fields: Various issues concerning the ALE models are at hand.
First, it is necessary to provide the full massless spectrum
) 5 ) ) from the quantum mechanics of the blown-up space, as this
Di=IXi—1j|*+ [Viisal = X2l = lyi-0il*+ 0 must agree with the degrees of freedom expected from su-
pergravity considerations. On the other hand, new massless
states are expected to appear when the singularity is blown
Fi=Xi—1iYi-1i—Yii+1Xii+1t i, (2.1)  down. These states are visible from the viewpoint of the
ALE space as a description close to the singular point of the
degeneration limit of a large K3 surfag®5]. M[K3] is dual
where>f;==d;=0. In higher-dimensional field theories, in to Hef T3] [9] and the degeneration limit we are considering
particular those obtained by further toroidal compactifica-is a point in moduli space with enhanced gauge symmetry
tion, the addition of theta terms is also allowed. The hyper{see[36] and references thergirThe blowup modes corre-
Kahler quotient consists of projecting onto field configura-spond to removing these enhanced gauge groups through the
tions which are gauge invariant under the diagddél)’s, Higgs mechanism, and so they form part of a vector multip-
such that the F- and D-terms vanish. The gauge invariaret in 7-dimensional physics.
complex coordinates are given by For the case of the compact K3, these states all arise from
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2-branes wrapped around the 22 homology 2-cycles of theimilar methods as those 188,39, this is bound to be a
K3. When a 2-cycle shrinks to zero size, the correspondingomplicated process, as it must be done in terms of the pro-
state becomes massless and the gauge symmetry is enhandedted coordinates, for which the action is quite non-linear.
In the case of the ALE spaces, the non-compactness of the In order to consider the normalizability of these bound
space modifies the analysis slightly. For example, in the casgtates as the mass deformations are turned off, we will turn to
of the A,_; singularity, the contribution from homology the dual picture of the ALE matrix model as the strong-
generatesi(n—1) states in the root lattice of the enhancedcoupling limit of n D6-branes in the type IIA theord 3]. In
gauge group. These states form 7-dimensional vector multighat system, there are inderdstates arising from the Cartan
lets and become massive when the singularity is blownupsubalgebra ofJ(n), but one of these states corresponds to
They may be identified with bound states of 2-branes wrapeenter-of-mass motion. We do not expect this state to be
ping the PY’s of the blowup. There are an additiona-1  normalizable, but the remaining— 1 states which describe
states in the Cartan subalgebra which are localized at thiéhe relative motion of the D6-branes are. Thereforeymas
singularity and remain massless in the blowup. Additionally,— 0 in the ALE matrix modeln— 1 normalizable states sur-
there is a massless singlet state arising from the self-dualive and there is one non-normalizable state, which corre-
cohomology of the ALE space. Since the self-dual form doesponds to the non-normalizable singlet in the M-theory pic-
not have compact support, the wave function of this state isure that we discussed above.

not normalizable. The Cartan and singlet modes form mass- The above counting oh—1 normalizable states agrees
less 7-dimensional vector multiplets, and so the enhancedith the familiar connection between supersymmetric quan-
symmetry group idJ(n). tum mechanics and differential topologg0]. As the super-

All of these states should appear in the quantum mechansymmetry algebra has a representation in terms of the de
cal model[17,18,37. In the following, we will use a local- Rham cohomology on the space of fields, we obtainl
ization argument to show that states in the Cartan subalgebraassless states from thre-1 anti-self-dual forms on the
exist and are localized near the singularity. We provide fur-A,_, ALE space. These forms have compact support, so that
ther evidence that these states are normalizable ground statége corresponding states are normalizable. We also obtain a
of quantum mechanics, and that there are exatthf them  single non-normalizable state from the self-dual form. Simi-
for a single DO-brane moving on ak,_; ALE space. lar considerations foD and E series quantum mechanics

The number of massless vacua can be calculated in thgould indicate that they should also possess the same states
following manner. We begin by removing the decoupledas in the M-theory construction. However, our mass defor-
U(1) and consider the case of a single DO-brane. Now, wenation argument fails for thB andE series. In those cases,
can deform the theory by adding hypermultiplet mass termspne can always change the values of the trace part of each of
Without loss of generality, we can give the same mass to allhe a; to compensate for the mass term. The F-te(B14)
of the hypermultiplets. This preservesV=1 supersymmetry will not force us onto any special points in the moduli space
and lifts the moduli space of vacua to a discrete set of pointsf flat directions and we do not obtain any information on the
that solve the constraints in Eq&.1). The remaining F- counting of ground states. Without some version of an index
terms for the diagondll (1) which are required to vanish are theorem, we must be cautious about drawing conclusions

with regard to theD andE series.

Xii+1(@8—aj+1+m)=0 We note that the same deformations can be made in the
1+1 matrix SYM theory. As the spatial circle is compact,
Yii+1(@—aj+1+m)=0. (3.D)  the higher oscillator modes do not contribute to the index, so

. . ) . that a calculation of the index will again return the same
The constraints3.1) require that the differert (1) chiral  umper of ground states.

multiplets in the blown-up ALE space acquire expectation N, for the normalizable vacuum states we found for the
values related to the mass perturbation. Omy1 of these A,_, series, decoupled quantum mechariosrresponding
F-terms can be set to zero in this manner for generic valueg, ine center-of-mass motion that we removed abbwes 8
of di andf;. This constrains the last chiral field to be set 10 fermjonic zero modes, where four act as creation operators
zero, which is the special point=v =0 in the moduli space  anq four act as destruction operators, giving*al@generacy
of flat directions. Since there are exaatlyoots of the poly-  f states. These are exactly the states that form a massless
nomial P(w)=0, there aren vacua. In the presence of the yector multiplet in seven dimensions. Also, the different
mass deformations, these vacua are normalizable, as theggaces that one obtains for higher-dimensional field theories
are no non-compact flat directions. _ will have the appropriate number of moduli. One obtains 3
From the M-theory considerations dlscussed' previouslyfrom the D- and F-termgas corresponds to a 7-dimensional
one expects thai—1 of these vacua should survive as nor-yector multiple}, and when the matrix theory is further com-

malizable states when the mass perturbation is set to zergactified on ad-torus, there are an additiondltheta angles
While it would certainly be advantageous to directly com-[g],

pute the Witten index in the non-compact ALE space via

o[ Fs. (32

IAny other combination of mass terms can be put into this form
by shifting the values of the)(1) chiral multiplets by a constant. ~whereX,6%=0.
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On the other hand, the spectrum of states is continuous fail| of the P's, weighted by the Dynkin indices;, of the
the non-compact directions which are transverse to the ALEorresponding nodes of the extended Dynkin diagram, be
space. These states are non-normalizable and are acted onfymologically trivial. (The A; ALE space is a slightly de-
supersymmetry, giving 8 extra fermionic zero modes. In theyenerate case of this, as the two nodes of the Dynkin diagram
spacetime picture, these states havé aégeneracy, so that correspond to the sanié' with opposite orientation. There
they are identified as gravitons that propagate in the AL re no bound states of wrapped membranes in this)case.

spacetim_e. This is expected from supergravity consider- Instead of the standard ALE matrix model wittUgNk;)
ations, since asymptotically the space is flat. The supersym- !

metry (SUSY) breaking occurs locally around the singular- Jauge group associated .W'th each node of th_e extended
ity, but far away from the origin, SUSY is effectively Dynkin diagram, we consider a more general quiver gauge

restored. theory with aU(N;)=U(Nk;+r;) gauge group at each ver-

As we see, the spectrum of low energy states for a singléex and hypermultiplets in the\(,N;) associated with each
DO-brane already contains all of the states expected frorink (i,j). As we shall see, this gauge theory describes
supergravity considerations. This also agrees with the folDO-branes propagating on a ALE space wifhmembranes
lowing argument in the 1 dynamics. In the far IR limit, wrapped around théth P. After examining some of the
the gauge coupling flows off to infinity and we recover afeatures of this quiver gauge theory, we will see how it can
superconformal field theor§SCFT) on the moduli space of be embedded in the standard ALE matrix model.
flat directions, namely matrix string theof82] on the ALE As a first check, we see that, if all of the=nk; for some
space. The twisted sector long strings are interpreted &gtegern, the membranes are wrapped around a homologi-
bound states of once-wound strings. In the conformal f|elq:a||y trivial cycle and hence can be unwrapped. The configu-
theory limit these sectors are decoupled. Moreover, the celaiion decays to DO-branes and, indeed, from the point of

tral charge of the SCFT in each long string is 12, as is eXyjey of the gauge theory, is equivalent to shifting the num-
pected for the light-cone degrees of freedom of the type Ay .. ¢ Do-branesN— N+ n.

string. Hence, the model already has all of the infrared mass- Still, in the gauge theory withN;=Nk;, even though

less fields that are allowed. In particular, the blowup mode i ' . .
of the ALE space must already exist in the SCFT. By Con_?here are no BPS-saturated configurations corresponding to

struction, the projected variables that we are using in thg\/rapped membranes, theTe may be excngd states of the
field theory are gauge invariant, and so the twisted sectors Jauge theory . correspondmg_ to asymptotlc;ally separated
the SCFT orbifold should already exist as states in the modépembrane-annmembrane pairs. Indeed, this was the ap-
and the blowing up of the singularity is manifest in theseProach of Douglat al. [17,18,41. _
variables. This also suggests that the above argument of More generally, wheiir;«; is a root, we expect to find a
—1 normalizable vacua is also correct, as there rarel (16-fold degenerajeground state of the quantum mechanical
twisted sectors in the free string limit. Moreover, it is rea- model, corresponding to the bound state of the corresponding
sonable to assume that one has bound statdé of these  collection of wrapped membranes. For other values of
strings that are stable even when one relaxes the infraredo, - - - fr) [modulo Ko, ... k)], we expect to find flat
limit, as these are identified with ti®, twisted sectors of the directions corresponding to the fact that the wrapped mem-
model. These long strings can attach themselves to the centefanes can be separated.

of the ALE space, as argued previously, and so it is reason- The simplest case, which we consider in detail below, is
able to assume that these bound states exist in the full theorthat of the wrapped membrane in tAg theory(which is not

i.e., these states can carry arbitrary longitudinal momentunmexpected to form bound stajeonsider the matrix model

for a single wrapped membrariene of ther;=1, the rest
equal to zerp The Hamiltonian for this model still has a
decoupledU (1) which, as usual, has flat directions corre-

Douglas[17] has proposed that the states correspondingponding to the motion of the center of mass in the five
to wrapped membranes in the matrix model are the “frac-transverse flat dimensions. As we shall see, the ground state
tional branes” in the type IIA description of D-branes at the energy in this decoupletd(1) theory is nonzerdfor non-
orbifold point of an ALE space. Some of the features ofzero D- and F-termsfermionic zero modes still give rise to
these states were discussed[ir8,41. We would like to the same 16-fold degeneracy of the ground state, as in the
further investigate these wrapped membrane states in the matandard ALE matrix model. Though the ground state is not
trix model. As we shall see, the gauge theory describing supersymmetric, thdJ(1) theory is free—no fields are
wrapped membrane is a modification of the usual ALE ma-<charged under the diagondl(1)—and hence we can com-
trix model. This gives a systematic prescription for perform-pute the ground state energy reliably. As we shall see, its
ing calculations with wrapped membranes in the ALE matrixdependence on the D-term coefficients is just what is needed
models. for a BPS-saturatetimassivg wrapped membrane state.

Given the Kronheimer construction of the ALE space, one A massive vector multiplet in 7 dimensions, like the
expects that a membrane wrapped arouritt & associated massless one, has 16 propagating degrees of freedom. This
with the corresponding root of the extended Dynkin diagramdegeneracy is already accounted for by the degeneracy of the
One can also have bound states of membranes wrappédon-supersymmetricground state of the decouplad(1)
around different®®, subject to the constraint that the sum of theory. So the state in the internal part of the theory must be

IV. WRAPPED MEMBRANE STATES
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a supersymmetric ground state, annihilated by all of the su- 1

percharges.
To be slightly more general, let us consider themodel
with gauge groupU(N)XU(N+w), corresponding tow

1 trl (Xy X10t Yoryo1— )%+ (XaXaot+ Yaryar— £) 2.
(4.9

wrapped membranes. We assume that0, SO that only the  As the matrix operatorxlzx_lz and?llez are positive, iso-
D-terms,D; ,, are non-zero. We can obtain a bound on thespectral, and Hermitian, we will take them to be diagonal

energy of the wrapped membrane state by rewriting th
Hamiltonian in terms of the linear combinations of the abov

D-terms corresponding to the diagonal and intetdél)’s.

After computing traces, the relevant part of the Hamiltonia

IS

Hp=ND?+(N+w)D3+NZD;— (N+w){D,

=D2+D2+ N¢D;— YN+wD,, (4.1)
where we have defined normalized variabs=ND;,

D,=N+wD,. Since the decoupled(1) is the sum of the
U(1)'s ateach vertex, the corresponding D-teBy..is as-

sociated with the sur®;+ D, and we have the orthonormal

pair

1 _ -
Dge= ——=(ND;++N+wD,)
2N+w

yoTr

1 - ~
D= ———==(JN+wD;—+ND,),
int \/m( 1 \/_ 2)

4.2

where D;,; is the D-term for the “internal” (difference

U(1). Now thecomponent of the Hamiltonian which de-

pends orD yec IS

w(
Hgec™ Dged Ddec ——=]. 4.3
dec de(( dec CINERYY ( )
which gives a bound
E W'y 4.4
> -
4(2N+w) (4.4

on the Hamiltonian. Up to numerical factors, this is precisely
what one expects for the energy of a membrane which i
wrappedw times around a sphere and has longitudinal moy,
mentumN+w/2. The mass of the membrane depends lin-
early on the blowup parameter and is therefore propor-

tional to the area of the sphere, as required.
Now, in the case of the singly wrapped membrane,

=1, let us show that the internal part of the theory is in a
supersymmetric ground state and that there is a mass gaRi|

Let the hypermultiplets bexg,,y15) and »1,Y¥»1), Where
X12, Yo7 @are NX(N+1) andx,,, Yo are N+1)XN com-

plex matrices. We would like to minimize the Hamiltonian.

We can keepF=0 by taking x,;=y;,=0; then we must
minimize

e%nd with ordered eigenvalues. The operangxlz has one

zero eigenvalue. Similarly,,y,; andy,yy,; are isospectral.
The existence of a solution of the D-terms of the interacting

piece will require that the sums
X12X12+ Ya1y21=Aly
(4.6

X1X12F Y21Y21= Bln 1

be proportional to the identity. Since the traces of these op-
erators are equal, we must haM&=(N+1)B, so that Eq.
(4.5 becomes

! N(ZNH)AZ ANZA+(2N+1)2? 4
ZW—§+(+)§- 4.7
This is minimized by
2¢{(N+1)
= ToNF1 4.8
and the bound obtained is
gz
E=2anT1) 4.9

which agrees with our earlier resii#t.4).
By again examining the trace of the sums in E@s6),

we find that the eigenvalues Eh;lz andyzjyzl are in arith-
metic progression,

— [ NA (N-DA A
Xz dag (T TNT T N L

while the eigenvalues oyzjyﬂ are in the opposite order.
Similarly,

, (4.10

_ [ NA (N-1)A
X12az=diag g g

...,N+1,O), (4.12)

With sz_yu in the opposite ordering. This configuration

reaks the interacting gauge group completely, and so the
states in the(gauge theory vector multiplets are massive.
Similarly, as the hypermultiplet appear squared in the non-
vanishing D-terms, the hypermultiplets are also massive.
Hence, the system has a mass gap, as expected.

Now, the above scheme for constructing a solution can
for wrapping numbew=2 andN odd(so that we cannot
construct a pair of branes separated from one another to sat-

isfy the boundl. In that case, the ranks of the matriogsx;,
and x;,X;, will differ by 2 and they will both have an odd
number of entries. Since X, now has two zero eigenval-
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ues, we must find that all eigenvalues come in pairs. As the The results that we have presented above show that these
total number of eigenvalues is odd, the matrices on the leftstates can carry an arbitrary amount of longitudinal momen-
hand sides of Eq¢4.6) can no longer both be proportional to tum and seem to have the right properties for an interpreta-
the identity. This should be taken as evidence that twaijon as wrapped membrane states. The study of these states
wrapped membranes do not form a bound state. The resulfg more detail, as well as the massless states lying in the
of [38,39 show that\=2 U(N) vector multiplet quantum  Cartan algebra that we discussed in Sec. Ill, seems very
mechanics does not have a bound state. One is therefore Iagomising. In particular, the ground states describing the
to conjecture that the only bound states in our system will b‘?/vrapped membranes seem to exhibit a very interesting struc-

those corresponding to the massive states in the adjoint Qfre that should be exploited to extract more information
the enhanced gauge group, with an arbitrary number of DO;

about the structure of the ALE matrix models.
branes attached.
Now that we have seen some of the features of the
wrapped membrane matrix model, let us see how it can be V. CONSIDERATIONS FROM M (ATRIX) ORBIFOLDS
recovered from a particular limit of the standard ALE matrix
model. Consider a limit of the standard matrix model in
which theU(Nk;) gauge symmetry at thigh node is broken

When one considers?/T orbifold string theories, the or-
bifolding procedure introduces new twisted sectors which
to [U(Nyk; +1)X U(N,k— 1)], with Ny + N,=N. This cor-  S€'ve to restore the modular invariance of the partition func-

| I 1 .

responds to having a wrapped membrane and an antiion- Furthermore, forl’=Z,, there arises a quantutt,
wrapped membrane around thé P. Far out on the Cou- symmetry of the twisted fields. Orbifolding with respect to

lomb branch, the membrane and anti-wrapped membrane alais quantum symmetry reproduces the original unorbifolded

far apart in spacetime. The quantum corrections to the poteriheory. o

tial, obtained by integrating out the heavy strings which con- As the blowup parameters transform non-trivially under

nect the membranes, vanish for large separation. So in tH&e quantum symmetry, blowing up the singularity explicitly

limit in which the wrapped membrane and anti-wrappedbreaks the quantum symmetry. We can describe the blowups

membrane are infinitely far apart, the Hamiltonian splits intovia the hyper-Kaler quotient construction of th&,_; ALE

two pieces, each of which is of precisely the form of thespaces. The quantum symmetry is always generated by the

matrix model we have proposed. More general gauge symsuter automorphisms of the Lie algebra. For fye ; case at

metry breaking patterns correspond to more complicatethand, these permute the roots in a fashion which is repre-

configurations of wrapped and anti-wrapped membranesented by clock-shifts on the extended Dynkin diagram in

around variou$’s. _ _ Fig. 1. In terms of the ALE matrix model, this corresponds to
We will now use this formalism to Compute the interac- a clock-shift on the vectors and hypermu|tip|etsi

tion between a membrane and an anti-wrapped membrane.

We note that a wrapped membrane-antimembrane configura- V. V.

tion can only be BPS if the orbifold is not resolved. For the Tk

A, case, consider the standatd{N) <X U(N) quiver gauge

theory, with the gauge symmetry broken to Hiivi=Hivkivkrt (5.9)
[U(N7)XU(N2)]X[U(N;+1)XU(N,—1)], which leaves the action invariant. In this manner, the quan-
(4.12  tum symmetry also acts on the F- and D-terms by the same
clock-shifts.

whereN;+N,=N. Our notation is such that thg(N) of e
each vertex in the quiver diagram is broken to one of the Now the clock-shifts in Eqs(5.1) correspond to the rep-

factors in parentheses. While the membrane states that wgSentations of’, on the fields. The vacua we found also
have considered to this point have been associated with tgansform into one another, via

U(N;)XU(N;+1) component of the gauge groug.12),

the anti-wrapped membranes are associated wittUithe,) [ i) = i), (5.2

X U(N,—1) component. The crucial distinction is the dif-

ference in the vacuum expectation valU®Vs) taken in  as each corresponds to which pai i(;1,Yi+1)=0. We

the U(1)’s at thedifferent vertices. The membrane—anti- note that there is one state that transforms invariantly under
wrapped membrane solution occurs when all of the hyperthe transformation, namel;| #;). This is the singlet state
multiplets vanish and has mass squared proportional tdiscussed in Sec. lll. This correspondence provides further
(M)4r2— ¢, wherer is the separation between the mem- evidence that the states that we have constructed are indeed

branes. Integrating out the hypermultiplets in the quantunthe ones corresponding to the Cartan subalgebta(of).

theory will induce a potential We note again that these considerations are independent
of whether we are working within quantum mechanics or in
A(MDY 24 g+ 4 (MDY 42— —8(MY)%r the 1+1 field theory. We therefore obtain consistent descrip-
) tions of both M-theory and the type IlA string on the ALE
e N3 space.
(Mg))6r3+r0((§/r )°)- (4.13 Recently, Witten[23] examined the new physics which

arises in certain exotic orbifolds of M-theory, as well as a
This is the Coulomb potential expected for BPS objectamatrix model description of a class of such models. Witten
whose mass and charge are proportionaf.to considers M-theory on(@x SY)/T", for which it turns out
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that one can obtain a gauge group in six dimensions wherthe exact sequenc.3), I'' is trivial and there is no en-

ever there exists an exact sequence hanced gauge symmetry in the six-dimensional physics.
, / For theA,,_; matrix models we can also twist one of the
0—I"—=I'-Z—0, (5.3 hypermultiplets by armth root of unity. In particular, the

- . auge-invariant coordinates transform as
forI'' CT" a finite subgroup 08 U(2) and some cyclic group gaug

7y . A classification of such exact sequences can be found in U— U

Reid[42]. AsT acts transitively or8* via theZ, action, one

obtains a circle ofl"’ singularities withZ, monodromies. v—w (5.5
The monodromies act by outer automorphismd’6fwhich

breaks theA-D-E group associated witlh'’ to the visible W—W.

gauge group. The spacetime singularity %I’
It is interesting to consider similar types of constructionsThe originu=v =0 is the only point left fixed by this trans-
of matrix theories. In particular, the various ways that oneformation, and so the supersymmetric ground states are those
can twist the boundary conditions will lead to different phys-for which one of the hypermultiplets is set to zero. Since one
ics in the orbifold limit. can change which of the hypermultiplets is shifted by large
Let us consider the standard £11)-dimensional matrix gauge transformations, there amesuch states, which are
theory. When going around tt® of the matrix model base again vectors in six dimensions. Long strings are now clas-
space, we can twist the hypermultiplet by amh root of  sified by their congruence modulm, so that, in total, we

unity w and leave the vector multiplet alone, find nm vectors. This is expected from an analysis of the
CFT limit, as it corresponds to the type IIA string on the
V(o+2m)=V(0o) C?/7,m orbifold. As seen from the M-theory perspective, the
orbifold group is acting by,,, actions on the shrunken circle.
H(o+2m)=wH(o). (5.9 For theD andE series, this extra twisting can always be

removed by a large gauge transformation. Therefore, no new

The resulting boundary conditions on the hypermultipletphysics will arise by such an orbifolding of the theory.
break half of the supersymmetry and split it into a pair of  Now, in Witten’s matrix mode[23], the twisting is done
chiral multiplets. via the outer automorphisms of the Lie algebra, by clock-

In the IR limit, we obtain some version of matrix string shifts of sizep. When one examines the moduli space of flat
theory. As the eigenvalues for the hypermultiplets must als@jirections, one sees that it parameterizB47,, where k
satisfy theZ;m ide_ntification in Eqs(5.4), the moduli space =ged(n,p). This model describes M-theory compactified on
for the particles is (C?x SY/7,, whereZ, acts byZ, actions on thes!. Cor-

RAX (217, responding to the exact sequence

L . . OHZk_)Zn_}Zn/k_)Oa (56)
So this is matrix string theory on aA,_; space. When

gluing fields together to make long strings, we findliffer- ~ we have a circle ofC?/Z singularities with a trivialZy
ent twisted sectors classified by the length of the stringnonodromy, and so the spacetime gauge group(is). On
modulo m. In particular, for all strings of lengthk  the other hand, we started with tiég_, matrix model, and
=1,.../m—1modn, the hypermultiplets are not periodic so we should think of the end product as a circle Zgf

and cannot have a zero-modg, and so they are stuck to tRgngularities with aZ,, monodromy which generates/k
zero locus for a supersymmetric vacuum. On the other hangmages for each shrunkep.

for strings whose length is a multiple of, the hypermultip- Now, we see that there are several twisted models which
lets acquire a zero-mode, so that there is a Higgs branch fgfield U(n) gauge groups. We have summarized the four
these sectors. models, as well as their, at least tentative, M-theory interpre-

The above counting of states indicates that the groungation in Table I. According to Wittef23], the feature which
states of the different length strings yielth—1 six-  should distinguish the vector theories at the singularity given
dimensional vector multiplets. Ignoring the circle, thesepy these models is the theta angle in the six-dimensional
states are localized at the origin 6f/Z,. By our mass gauge theory. For example, thhe_; model hasg=0, while
deformation arguments in Sec. Ill, we are also led to believghe A ,,,,_; model twisted by &, phase on hypermultiplet
that there is an extra bound state developed in the last sectg{nd theA,,,_; model twisted byZ,, clock-shifts both have
If this is true, then when one extracts the weakly coupledy+g.
type lIA theory by taking the radius of the circle to zero size,  Finally, we note that we can allow more general types of
the spectrum of states is precisely that required to have afjyisted models by combining the two types of twisting.
An_1 ALE singularity. The fractional strings become the
twisted sectors of the SCFT. It is rather important to notice,, CLASSIFICATION OF TWISTED MATRIX MODELS
that the splitting and joining of long strings occurs according
to the fusion rules of the orbifold SCFT. In the previous section, we considered Witten's matrix

This construction should correspond to M-theory @ ( model, which amounted to orbifolding ti#e,_; matrix mod-

x SY/7, where theZ,, acts transitively orS!. In terms of  els by elements of their quantum symmetry group. This is, in
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TABLE Il. Reid’s six classes of surface quotient singularities.

Case

oy
*
3
4)
()
(6)
8As referenced in Witterj23], D. Morrison has pointed out that

there is a typographical error in ca&® on p. 376 0f{42]. Dyyi1
should read,, . 3, as appears correctly here.

0-I'—-Ir—-72,—0

0—T(A-1)—T(An-1)—7Z—0
0—T'(Azn)—T(D2ny3)—7%4—0
0—T'(Azn-1)—=T'(Dpnt2)—7Z,—0
0—I'(D4)—TI'(Eg)—Z3—0
0—T'(Dp+1)—=I(D2n)—Z,—0
0—T'(Eg)—T'(E7)—Z,—0

fact, one particular case of a general construction of twisted

matrix models based on Reid’s exact sequerie®. In case
(1) of Table II, the models based di' =I"(A,_1) andTI’
=I'(A,,_1) are the second and fourth entries, respectively, i
Table I. This is a degenerate case, however, becausg, the
action onI'(A,_1) is trivial, and so the “twisted” theory
based onl'’ is just theA,_; ALE matrix model. On the
other hand,Z, acts by clock-shifts onl'(A,,_1), Which
yields Witten's twisted model.

The generalization of this amounts to considering all pos
sible twistings by the symmetry groups of theD-E ex-
tended Dynkin diagram of an ALE matrix model. Since we

are discussing twists when going around a circle, we must

restrict ourselves to orbifolding by cyclic symmetries of the

extended Dynkin diagrams. In this section, we show that the

PHYSICAL REVIEW [38 026005

FIG. 2. TheZ, twist on theA,,_, model that generates @,
model.

so that the F-term is preserve#;—F;. However, this
seems to break half of the supersymmetry, since the chiral
fields (x,y) no longer form a hypermultiplet. In particular,
the gauge-invariant coordinates transform as

u—v
(6.2

v—Uu

W— —W,

MWhich is a7, action.

However, since there are an even number of vertices for
the A,,_, diagram, we can place the hypermultiplets in the
(1,...,INk ,Nk. 1,1, ... ,1)representations. In this case,
one can easily see that these assignments actually preserve
all of the supersymmetry. The new assignments result in dif-

ferent F- and D-terms than appeared in E@sl). Here we

ave
Di=IXi— 12— i a2+ 1%l = lyio il

Fi=Xi—1Yi-1itVYii+1Xii+1- (6.3

most general twists that are allowed and which lead to gauge

groups are the twisting df ' andI" by the cyclic group¥,,

In particular, when orbifolding by symmetries of the ex-

appearing in Reid’s classification. The orbifolds generatedended Dynkin diagram, the fields will transform as

lead to new matrix models and, hopefully, new physics.

A. Models with Sp(n) gauge group

Let us consider Reid’s cas8). HereI'' =I"(A,,,_1) con-
tains an even number of vertices, so thatzheeflection on
A,,_1 in Fig. 2 yields a diagram which resembles the ex-
tended Dynkin diagram fo€,, .

The fields at the fixed vertex, call it tHéh, must trans-
form as

Vi—>Vi
Xi—1i—VYii+1 (6.1

Yi-1,—= ~Xii+1,

Vi_)Vi’

(Xi—1j+Yie1) = (Xir— 17 Yir—1jr)
(6.4

Di ,FiHDir ,Fir,

thereby preserving all of the supersymmetry.

Now let us consideF=I'(D,,,,). As theD andE series
are described by open quivers, we can place the hypermul-
tiplets in the fundamental-fundamental representations, as we
did for A,,_, above. We can therefore also preserve all of
the supersymmetry in the twisté&l andE models. From the
exact sequence

0—I'(Azn-1)—=T(Dn+2)—%Z,—0, (6.5

TABLE I. The four types of twisted matrix models with(n) gauge group and their suggested M-theory

interpretations.

Matrix model Type of twist M-theory interpretation
Standard 7., phase on hypermultiplet ExshH/z,

An_1 None 31 7,x S

Anm-1 7. phase on hypermultiplet @17y X S 7

Amn-1 7, clockshift (C%/ 7% SY /7,y with monodromies

02600
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Dyya

Qnt2

“Q ®
Qg a3 an
z, ( @<®) z,
@
@ il

& & Gy Qo1 On

2 2 2 1

FIG. 3. TheZ, action on theD,, diagram induced by the re-
flection of Fig. 2.

we can tell whichZ, action on theD, , , that the reflectionin \@/ e
Fig. 2 induceg: it is the identification found in Fig. 3.

To complete the identification of the new diagram ob-
tained in Fig. 2 with theC, extended Dynkin diagram, we
need to define a consistent set of rules for obtaining the new c.
roots from the old roots. To determine these rules, we con- !
sider the M-theory interpretation of these models. Each root F|G. 4. The labeling of roots and Dynkin labelmarkg for
of the extended Dynkin diagram is associated with'ahat A,  , D, .,, andC,.
can be blown up in the ALE space, and théds are further
associated to the wrapped membrane states. The r@gats,
are not linearly independent, but satisfy the relationship

> kia;=0,

Now consider the new roots obtained after #ieaction on
I'(Dp42). In order for the new roots obtained from tig
action onl'(D,,, ,) to satisfy Eq.(6.8), they must be given as

(6.6)

ZKOZ a’0+ aq
wherek; denote the Dynkin labelof the extended algebra.
In terms of theP'’s, Eq. (6.6) implies that the topological
sum of theP'’s is trivial in integral homology.

Now, when we consider taking tf&, quotient of ourA- W= ans1F Anio.
D-E matrix model, it is clear that we must require that the
weighted sum of thé’"’s of the quotient be trivial in the According to this prescription, thesg, orbifolds of the
integral Z,-equivariant homology. Therefore, our rules for A,,_, andD,,, ALE matrix models yield twisted matrix
determining the new rootsy;, and the metric on them for string theories whose six-dimensional physics ha$afn)

@i=aj.,, i=1,...n-1, (6.10

the twisted models must obtain the conditi@6):

Ei: kia;=0, (6.7)

wherek; are the marks of the quotient diagram.

Figure 4 gives a labeling of the roots for thg,,_1, Dy, 2,
andC,, models. ForC,, the vanishing conditiof6.7) is the
sum over the roots weighted by the marks,

n—-1
ap+2>, @+ a,=0. (6.8
i=1

This requires that we obtain new roots from thequotient
of I'(A,,_1) according to

@g= g
aizz(ai/"—aén—i)!

(6.9

°The induced actions for Reid’s casé®—(6) follow from the
discussion of induced representations found in Appendix I[48I.
30r marks, if the group is not simply laced.

gauge symmetry.

We find that, in general, when twisting tH¢’ and I
models, we must ensure that the sunP6% in the quotient
forms an integral clas@nd not a multiple of oneand that at
least one of the old roots with Dynkin labk|=1 appears
with coefficient 1 in the expression for the new roots. We
normalize the metric so that the longest root has (lerffgth)
=2. The rules we must use to obtain the new roots and
metric on them are the following:

(1) The new roots are determined from the old roots ac-
cording to the formula

~ min(n;,ng)
&= A .

(6.11

In this formula,n; denotes the number of old roots which are

pre-images of the new roak;, A; is the index set which
labels these pre-images, ang=min{n;|k;=1}.

(2) The metric on the new roots is proportional to the
induced metric

~ 1. -

glj ne 1 ]

(6.12

We note that in the case of thg diagrams, the symmetry
we quotient by is present in the case of theextended
Dynkin diagram, so that the extended root may be left fixed.
In that casen,=1 and rules(1) and (2) reduce to the pre-
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Dy Eg Dnys Dy,

. nl }8_@ __________ @<>z2 %z‘f/ AAAAA @_{
\ / Bn\:>9—e o:{

Gy O—C——e

FIG. 6. The Z,-twisted I'(D,,4) and I'(D,,) models with

FIG. 5. TheZs-twistedI'(D,) andI' (Eg) models withG, gauge SO(2n—1) gauge group.

group.
SO(2n—1) gauge group, while cad®) in Fig. 7 yields a
a_pair of models withF, gauge group.
Finally, we can also consider caé®,

scription described by Aspinwall and Grdg€gl] in their con-
sideration of symmetries of the unextended Dynkin di
grams, namely
~ 1 0—T(A2q) =T (D2n+3)—Z4—0. (6.17
rr-d 4 #of pre-imagez’ (pre-images, (6.13 _ .
- In this case, we see that, on both sides, one of the edges of
0ij= @i «;. the diagram gets identified with itself with the opposite ori-
entation. This means that one destroys the corresponding
In the case of thd diagrams, the symmetry always acts on Cartan generator and, moreover, one breaks half of the su-
the extended root, so that=ord(g), whereg is the genera- persymmetry in the process. These theories do not have (1,1)
tor of the symmetry group, and supersymmetry in six dimensions and we do not obtain new
matrix models from them.
The correspondence with the classification of surface quo-

Txizz (pre-images, tient singularities seems to explain why we get a pair of
I (6.14) matrix models for each gauge group. However, several ques-

~ 1 - - tions remain unanswered.

gijzmai'“i' The twistedI" and '’ models both appear to have an

interpretation as M-theory onC¢x S')/Z,, but it would be
interesting to see if the six-dimensional gauge theories have
the same or different value of. Witten’s analysis in the
(degeneratecase(1) would tend to suggest that the value of

6 is what distinguishes the pair of models.

Though we presented a reasonable argument for why we
find different rules for extracting the new roots and metric in
the twistedI” andI"’ models, it would be nice to have a
] better understanding. Heuristically, the wrapped membrane
~ states in these models are associated witt/fhequivariant
ai_gl it (r=j)n> (6.19 homology of the ALE spaces. An application of the wrapped

membrane model discussed in Sec. IV to these orbifolded

With a set of twisting rules in hand, let us revisit Reid’s
case (1), which contains Witten's matrix model. Fdr’
=I'(A,_1), theZ, action is trivial, and so the new roots are
exactly the same as the old roots. ForI'(A;,_1), Z, acts
by a clock-shift which yields ai\,_; diagram under identi-
fication of vertices. Using the rulé6.11) and(6.12), we find

so that
Ee E,
1 r r
aizzrz 2 a‘i-%—(r—k)n'a’i+(r—|)n:2 (6.16 I
k=11=1 G S 2

andEini=0. Zo Zo

B. Models with G,, SO(2n—1), and F, gauge symmetry

For Reid's cas€4) in Fig. 5, we again find a pair of F
models which, after twisting according to the appropriate set
of rules, lead to a theory with @, gauge group. Casé) in FIG. 7. TheZ,-twistedI'(E¢) andI'(E;) models withF, gauge

Fig. 6 also yields a pair of models, this time with group.
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theories, as well as a construction of the Cartan generatothere is sick UV behavior in four or more dimensions. To
for the D andE series, could be used to make this relation-provide a sensible definition of the four-dimensional matrix

ship more precise. ALE theory, new degrees of freedom must be added. The
simplest field-theoretic solution is to restore some broken
VIl. SOME DYNAMICAL CONSIDERATIONS non-Abelian gauge symmetry at some cutoff energy, so that

) ) ) the result is consistent. In any case, the SYM description is
The ALE space matrix theories have the equivalent Ofonly valid up toM[M;_oX T2], which is still short of four
=2 supersymmetry in four dimensions. In general, thisfiat transverse dimensions.
means that there are potential one loop corrections to the

metric on their Coulomb branches, but the standard non- VIIl. CONCLUSIONS
renormalization theorem should protect against any higher-
loop corrections. It is therefore possible thatRfir*~ 9 po- The description of massless vectors in the ALE matrix

tential is generated at one loop between two DO-branegiodels provides more evidence that they capture important
which are ground states of the ALE model. This would rep-ingredients of M-theory on an ALE space. We have provided
resent an interaction between the massless particles that yidence that these vectors exist as normalizable ground
proportional to the square of their relative velocity, which is States of the Hamiltonian and that they actually can carry an
forbidden if the matrix description is to properly reproduce arbitrary amount of longitudinal momentum by establishing
the results of supergravity at low energies. their description within matrix string theory.

The beta function for these theories vanishes, however, as We also gave a quantitative prescription for studying
can be seen from the following argument for the_, series. Wrapped membrane states in the ALE matrix theories. Cer-
The hyper-Kaler quotient leaves over vector multiplets in ~ tain properties, such as the membrane mass and the
the adjoint of the diagonal subgroupU(N)gC membrane-anUmgmbrane C(.)ul.omp interaction, emerge
x_,U(Kk;N). Furthermore, under this subgroud, . . . 1, straightforwardly in our description in the case of tAg

Nk NK -1 1)~1+adU(N)gag, and so there are singularity. The application of these methods to the rest of
i i+ 10ty = ey diag/

alson charged hypermultiplets in the adjoint. Since the con-the A-D-E cases and more complicated configurations than

tribution to the beta function of a vector multiplet will cancel we have considered would yield quite a bit of useful infor-

that of an adjoint hypermultiplet of the same mass, the bet<'£1natlon about the ALE matrix models. The masses of these

function will be zero if the vector and hypermultiplet massesStates can be computed in a straightforward fashion and they

are paired accordingly. In th&, blowup, it is easy to check do not receive any corrections, as expected from the BPS

that, when both states are either in the same or differenr'eature of these states. Of even more interest is the structure

vacua, the mass terms do indeed match and the beta functi Orf1 the bound states in these guantum mechanical systems and

vanishes accordingly e dynamical information that may be extracted from them,
The next leading contribution is tHe* interaction, which pa:/t:/c;uls;l\;//emaltgg ;\r/gee:]\l I\|an1t|rt“n this framework, an explicit
;iscgﬁgﬁritneda%t_g ?SSIO?& I?] th::ﬁ;iroigggg::fcr;%ncorgggcnéonstruction that suggests how orbifolds can be constructed
through unmodified ’There igpan integration over thegmodevia twists in the(1+1)-dimensional matrix models. We saw
of thegtorus as WeI'I as over the corr? act zero-mode of tha at there were pairs of twisted matrix models that led to the
gauge field’ yielding a potential whi(F:)h is proportional to Same gauge groups, yet the rules which led to their construc-
o479 as 7expected from the exchange of gravitons in th tion were very different. We prqwded a connection between
P . Shese pairs of models via Reid’s exact sequences. These
infinite momentum fram45]. It is unclear how the degrees

of freedom associated with wrapped membranes mi hWisted matrix models may be the matrix theory realization
. . pp 9% the M-theory orbifolds on(2x S')/T", recently described
modify this result.

Now in Sec. V, we also gave a definition for certain or- by Witten[23].
bifolds, M(atrix)[ M;_oX S'/7,]. We also find mass match-
ing in this case. Here, the vector and the hypermultiplet will
both have zero mass, but their momenta are quantized in We would like to acknowledge fruitful discussions with
integer and fractional units respectively, and so there mighOfer Aharony, Philip Candelas, Willy Fischler, and Moshe
be an overall non-zero result. However, integrating over thé&Rozali. We would also like to thank Edward Witten for a
zero-mode of the gauge field changes the mass terms in theseful correspondence. We thank Michael Douglas for rais-
integral so that both contributions exactly agree. Once agaiing some critical issues regarding the discussion of wrapped
the beta function vanishes and there arevAdnteractions. membrane states and the finité matrix models that ap-
We similarly obtain an interaction which is proportional to peared in an earlier version of this paper. While we were in
v4r®. the process of writing our revisions to Sec. IV on wrapped

We note that, as in the standard matrix SYM theory,membranes|34] appeared, which also gives a quantitative
renormalizability will limit the number of dimensions one prescription for the study of wrapped membranes in the ALE
can toroidally compactify within the SYM paradigm. Here, matrix models. This research was supported in part by the
since there are Abelian fields coupled to charged particleRobert A. Welch Foundation and NSF Grant PHY 9511632.
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